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Abstract 

In this paper we study weak values and weak mea- 
surement from a quantum-logical viewpoint. We ex- 
amine the validity of counter-factual interpretation 
of Hardy's paradox in terms of weak values and show 
that it is not evaluated by means of weak measure- 
ment. It is also shown that strange weak values may 
appear only if they are not (conditional) probabilities 
and that noncommuting observables can not be mea- 
sured simultaneously even by weak measurement. 
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1 Introduction 

Since Aharonov et al.[T][2][3] developed the concept 
of weak measurement and weak values, they have 
attracted great attention. In weak measurement, 
which is different from conventional von Neumann- 
type measurement [4] , the interaction between an ob- 
served system and a probe is considered to give no 
effect on the observed system by taking its weak 
coupling limit. Some authors [5] [6] claim that non- 
commuting observables can be measured simultane- 
ously by weak measurement and relations to Bell's 
inequality!?] are discussed. 

Weak measurement enables us to select both an 
initial state and a final state. A weak value of an 
operator A for an initial state 1$) and a final state 
15') is defined as 



{A) 



(1) 
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Recently, weak values are attracting attention 
not only as a measured value by weak measure- 
ment but also due to its physical meaning in 
itself [3 ■ For example, counter- factual statements on 
Hardy's paradox[5] are interpreted in terms of weak 
values [To], and predictions about them are exper- 
imentally checked pi ] |12 ) . There, however, ap- 
pears "probability -1". Moreover, weak values may 
become complex. Such strange weak values are dis- 
cussed by many authors [2] [TS] [5] [S], but the condi- 
tion in which they appear has not been clarified yet. 

In this paper, we study weak values from a 
quantum-logical viewpoint to clarify what they are. 
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Moreover, we investigate the validity of counter- 
factual statements on Hardy's paradox in terms of 
weak values. The foUowings are concluded: (i) Weak 
value ([1]) with a projection operator ^4 is a (condi- 
tional) probability if and only if [|\E')(^'|, ^4] = or 
= or [|^')(*|, |$)($|] = 0. (ii) Strange 
values (complex numbers and real numbers except 
between and 1) do not appear if the weak value is 
a (conditional) probability, (iii) We can not eval- 
uate the validity of counter-factual statements on 
Hardy's paradox by means of weak measurement, 
(iv) Whether the product of two observables may 
be regarded as an observable in practical measure- 
ment is determined by comparing the weak value of 
their commutator with the error of the measurement. 
v)We can not measure noncommuting observables 
even by weak measurement. 

In the second section, we investigate weak val- 
ues of projection operators and present conditions 
where they are regarded as conditional probabilities. 
Hardy's paradox is examined in the third section. Its 
counter-factual interpretation in terms of weak val- 
ues and experiments which have proven them are dis- 
cussed there. Our conclusion is in the last section. 



2 What are weak values? 

We examine an expectation value (<I>|^|$) of an ob- 
servable A for a state vector |$). Let be eigen- 
vectors corresponding to eigenvalues ipj, j = 1, 2, • • • 
of an observable 4", respectively. Inserting 1 — 
T,j and assuming (V^^l*) 7^ 0, 

($|i|<i>) = ^($|^,)(V.,|i|<i>) 

= ^Pr(V^,|$)(i)^^.<,, 



(2) 



where 



Pr(V^,|ci>) = |(<i>|V',)|^ 



is the probability that a state Itpj) is found in a 
state I*!*). Thus, we can interpret an expectation 



value (^jyll^) as a statistical average of weak values 
so that they are treated by many authors as 
expectation values of A between an initial state |$) 
and final states {ipj), j = 1,2, ■ ■ ■ . As shown below, 
however, it is not decided by means of ^ whether 
weak values are always interpreted as probabilities or 
expectation values. In other words, what weak values 
are has not been clarified yet. 

We write a proposition "an eigenvalue is ob- 
tained when an observable A is measured" as A{ai) 
and its corresponding projection operator as Ai = 
\ai){ai\. Similarly we define a proposition ^'('i/'i) and 
a projection operator = \tpj){ipj\. A set of such 
propositions constitute a cr-complete orthomodular 
lattice JT] [18] and so do a set of such projection op- 
erators. 

Firstly, let A in ([2]) be a projection operator Ai = 
\ai){ai\. Then, 



(<i>|7^,)(V',|a.)(a.|$)=Pr(V^,|$)(i,)v,, 



(3) 



A necessary and sufficient condition in which an op- 



erator "ijAi is a projection operator is [^j,Ai 



0. 



If and only if it is satisfied, '^jAi corresponds to a 
proposition 'i'{tpj)AA{ai) and the left-hand side of ^ 
is its probability for |4>), i.e. the probability of finding 

and \ai) in |$). Thus, the weak value (A)^j^$ is 
the conditional probability of finding \ai) in |$) when 

is found in |$) if and only if [^j, Aj] = 0. Then 

0< ($|V,)(^,|a.)(a^|$) <Pr(^,) < 1, 



so that 



< {A,)^^^ < 1. 



(4) 



As shown later, weak values are actually or 1 in 
such a case. We may interchange and |$) in the 
above discussion. If |$)($| and commute, {A)^.^ 
is the probability of finding ja^) in |$) (or in IV'j))- 

If 7^ 0, the projection operator cor- 

responding to a proposition ^'(V'j) A A{ai) is 
lim„^oo(^'j^i)"[l2]- Instead, if we construct, for ex- 
ample, a hermitian operator H = A'i'A and a projec- 
tion operator Hk = \hk){hk\, where H\hk) = hk\hk), 
a proposition corresponding to Hk exists. Neverthe- 
less, this proposition is not expressed by means of 



2 



^{ipj)s and/or A{ai)s. On the other hand, ^jAi is 
not a projection operator or does not correspond to 
any propositions. Thus, if any two of Ai and 
|$)($| do not commute, we cannot interpret the left- 
hand side of as a probabihty or the right-hand 
side of as a sum of probabihties. In such cases, 
therefore, (Ai)^^^ is not a conditional probability of 
finding \ai) in |$) when \-ipj) is found in |$), 

In order to corroborate the above conclusion, we 
reexamine li A = Ai, 



j 

= ^Pr(V,|$)|(i.)v,,^ 



(5) 



{^\^jAi\^), HAi and '^j commute. 
Then, comparing ([5]) with (^i)^^.* = or 1. 
Conversely, if ^ \{At)^-^\'^, it is obvious 

that at least either of the following two statements is 
false; is an expectation value of Ai between 

an initial state 1$) and a final state I'i/'j)-" 
is an expectation value of Ai between an initial state 
1$) and a final state We know both of them 

are false if the operators do not commute. 

We comment on strange weak values. We divide 
(<I>|5'j^i|<I>) up into a real part and an imaginary 
part: 



(a>|*,i,|a>)=(ci>|i(*,i, + i,*,)|$) 



(6) 



($1 



Then, a weak value 



Pr(V^,|$) 



(7) 



is a complex number if ^ 0. On 

the other hand, it becomes real if ("I>|[5'j, Ai]|<I>) = 
0. Here we should pay attention to the fact that 
Ai]\) — for some states is not a sufficient con- 
dition for — 0, i.e. ^jAi possessing a corre- 
sponding proposition. If (<I>|[^'j; — and any 



pair of ^j, Ai and do not commute, ([7]) may 

be more than 1 or less than 0, because (O is not a 
(conditional) probability. We will encounter such a 
situation in the next section. 

The above discussion is straightforwardly applied 
to other observables such as A = ^ ■ UiAi. Thus, it is 
obvious that the right-hand side of is not sum of 
expectation values of A for |<I>) when is found in 
1$), if Vfj and A do not commute. Then, we should 
not regard the weak value as a conditional 

expectation value of A for |<I>) when \^pj) is found in 
1$). 

Then, what are weak values? As written by 
Aharonov et al. [TH] , 



Pr(a,|^j-)Pr(a,|$) 
Pr(V'j|$) 



(8) 



The denominator of the right-hand side does not de- 
pend on Qi, so that relatively gives prod- 
uct of two independent probabilities Pr(ai|i/'j) and 
Pr(ai|<I>). More generally. 



{<S>\A^,A\^) 



(9) 



though what quantity corresponds to a hermitian 
operator A'^jA is not known. Thus, square of a 
weak value does not give, even if contextually, two 
simultaneously-measured expectation values of non- 
commuting observables, but is a conditional expecta- 
tion value of one observable. 

Before applying the discussion in this section to 
Hardy's paradox, we comment on commutativity of 
operators in practical experiments. Because error is 
not avoidable there, commuting and noncommuting 
should be continuously connected. If two projection 
operators Xi = \xi){xi\ and Yj = \yj){yj \ have a very 
little commutator [Y,, X^], we may regard them as 
commuting and YjXi has a corresponding proposi- 
tion. More rigorously, because of an identity 



Yj Xi Yj Xi 



(10) 



YjXi can be regarded as a projection operator 
and (S|K,Xi|S) as the probability of a proposition 
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Y{yj) A X{xi) for a state |S), if \{[Yj, X,])y^^.\ is 
smaller than its relative error. For X = '^^XiXi, 
(S|yjX|S) can be interpreted as an expectation value 
iiJ2i{'^\YjXi\E)ai{[Yj,Xi])y.x. is smaller than its ab- 
solute error. 

3 Hardy's paradox 

Recently, counter-factual statements on Hardy's 
paradox was interpreted in terms of weak values [TU] 
and they were actually measured[TT][T2][T3] by weak 
measurement. We examine them based on the dis- 
cussion in the previous section. 

A device composed of an electron Mach-Zehnder 
interferrometer (MZI~) and that of positrons (MZI+) 
is examined. There is a domain(OL) where both of 
MZIs overlap. We assume pair annihilation must oc- 
cur if an electron(e~) and a positron(e^) exist si- 
multaneously in OL. The length between two beam- 
splitters BS1~^+^ and BS2^'^+^ is adjusted so as to 
let e~ (e"*") detected by a detector C^'+^ without ex- 
ception in a solo MZI"^"'") experiment. Conversely, 
detection by another detector D~(+) implies that ob- 
stacles exist on either path. 

Considered is a case where pair annihilation does 
not occur and e^ and e+ are detected by and D+, 
respectively. The initial state |<I>) and the final state 
IvP) are defined as 



1$) 



I*) 



1 r 



V3 



\0p,N0e) + \N0p,0, 

+ \NOp,NOe)], 



\Op,Oe 



\NOp,Oe 



\Op,NOe) 

+ \NOp,NOe) 



(11) 



(12) 



where O and NO are abbreviations of ' Through OU 

I 1 2 

and ^Not through 0L\ respectively. Then — 
by ordinary quantum mechanical calculation. On 
the other hand, weak values are 



0,N0 



1, 



(13) 
(14) 



(^ivb,Jvo)*,* — 1' 
(7V±)*,$ = 1, 



where 



N^lNO),oiNO)-\0{N0)p,0{N0),} 
®{OiNO)p,OiNO)el 



j\r+ — /v+'^ 

^^0{N0) " ^^0(N0),0 



N, 



+,- 

0(NO),NO^ 



N, 



0{N0) 



N, 



0,0{N0) 



NO,0{NO)- 



(15) 
(16) 
(17) 

(18) 

(19) 
(20) 



As easily checked, any two of 5' = $ = 

$)($! and one of the number operators defined in 
[IS]) ^ (|20p do not commute. For example, though 



NO.NO- 



1$) ^ (*[<!>, JV^ 



NO.NO^l^) 
1 



0, 



1 



NO, NO 



<i>N 



NO, NO 



+,- 

NO, NO- 



(21) 



Therefore {N^'q ^q)*,* can not be regarded as a 
conditional probability of finding both e~ and e^ on 
NOs between the pre-selected state |$] and the post- 
selected state 1^). Discussions on Nq'^q, ^noo 
and Nq'q are almost the same. Based on ([8|), (|13p ^ 
((T5|) just mean 



Pr(iV+;-|vl/)Pr(iV+;-|<i>) 

Pr(<>ol*)Pr(A^^>ol*) 
P^iNpo,o\'i')P<N+--o\<i>) 

pr«o:^oi*)pr(^.^'" 



(22) 



NO, NO 



0:1:1:1. 



Based on ([9]), 



0{N0) 



imSiNO)'^N^iNO)\^) 

Pr(«'|$) 



(23) 



though what quantity corresponds to the hermitian 



operator N 



± 



0{N0) ^^"0{N0) 



is not known. Whichever 
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operator is used, we, in terms of the weak values ([T^ 
^ p7)) . have no right to evaluate the validity of the 
counter-factual statement " e~ must pass through OL 
so that e+ is detected by D+ and vice versa. Never- 
theless, both e~ and e+ can not simultaneously pass 
through OL, because they must annihilate together if 
they encounter." Only what we have known by means 
of the weak values dHl) ^ CZl) is (122). We can inter- 
pret the weak values in Three-box paradox[5^ [3T] 
similarly. 

Then, what have the experiments for Hardy's para- 
dox shown? It has been ascertained that the weak 
values predicted by Aharonov et al. can be measured 
by weak measurement. This fact, however, add noth- 
ing to interpretation of the weak values. Rather, we 
should say that the validity of the counter-factual 
statements has not been evaluated by weak measure- 
ment. On the other hand, these experiments are re- 
garded as concrete methods of measuring quantities 
which correspond to hermitian operators on finite di- 
mensional Hilbert space such as A^A, which were 
theoretically proven to be measurable in |23] . 

4 conclusion 

In this paper we studied weak values and weak mea- 
surement from a quantum-logical viewpoint. We ex- 
amined the validity of counter-factual interpretation 
of Hardy's paradox in terms of weak values. Then, we 
have concluded that we can not evaluate it. More- 
over, a value measured by weak measurement was 
shown to correspond to a single hermitian operator. 
Though we never deny potential of weak measure- 
ment, we should, with regret, say that weak values 
and weak measurement as a method of measuring 
weak values are not beyond ordinary quantum the- 
ory, at least under the present conditions. 
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